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Abstract
The general theory of relativity is the currently accepted theory of gravity and as such, a large
repository of test results has been carried out since its inception in 1915. However, in this paper we
will only focus on what are considered as the main tests but in non-commutative geometries. Using the
coordinate coherent state formalism, we consider gravitational red-shift, deflection, and time delay
of light, separately, for Schwarzschild and Riessner-Nordstro¨m metrics in their non-commutative
form. We will schematically show that these non-commutative calculations have different behavior
with respect to the predictions of general relativity. We also specify an upper bound on the non-
commutative parameter by comparing the results with accuracies of gravitational measurements for
typical micro black holes which can be produced in the early universe.
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1 Introduction
After Einstein published his special theory of relativity in 1905, the next step was to generalize his
theory to include non-inertial reference frames; that is, to include acceleration and gravity. Later in 1915,
Einstein published a paper in which he was in the first stages of generalizing his theory of relativity to
gravity. His theory changed fundamentally our understanding of space-time, mass, energy, and gravity.
This theory can be used to predict many new features from the existence of black holes, one of the most
interesting and mysterious objects in the universe to the gravitational lensing, red-shift and gravitational
time dilation, i.e., the three profound implications of Einsteins general relativity. For further study one
can see the textbooks in Refs. [1] - [6].
Gravitational red-shift is a very useful tool in astrophysics. It helps us to test our knowledge of
the structure of those stars whose internal structures are different from the sun and other normal stars.
Gravitational red-shift gives us the ratio of the stars mass to its radius. Another important prediction of
Einsteins general theory of relativity is the deflection of light rays passing close to a massive body. This
phenomenon is called gravitational lensing and for the first time, confirmed by Eddington [7]. About one
century after the first measurement of the bending of light by the sun, gravitational lensing is still one of
the major tools of cosmology [8], astrophysics [9,10] and astronomy [11]. It offers one of the useful tools
for probing extra solar planets and to detect the presence and distribution of dark matter which act as
sources of the gravitational field [12]. It can also be considered a natural telescope for observing distant
galaxies, and to obtain an estimation of the Hubble constant. Statistical study of lensing data provides
very useful insight into the structural evolution of galaxies [13,14].
So far General Relativity (GR) has been tatsted on scales smaller than an individual galaxy, e.g.,
orbits of planets in our solar system and the motion of stars around the center of the Milky way, but
recently, it is shown in Ref. [15] that GR also works well on galactic scale. Using data from the Hubble
space telescope they found that a nearby galaxy dubbed ESO 325-G 004, is surrounded by a ring like
structure known as Einstein ring, which is an evident for gravitational lensing. This precise test of GR
on a galactic scale excludes some of the alternative theories of gravitation.
Moreover, gravitational time dilation measures the amount of time that has elapsed between two
events by observers at different distances from a gravitational mass. To sum up, the clock placed in a
higher gravitational potential region will run slower because the effect of gravity on light will be minimal
and the light will take lesser time to reach the reflecting surface. This will in turn make the clock tick
slower. Gravitational time dilation has been confirmed by the PoundRebka experiment [16], observations
of the spectra of the white dwarf Sirius B, and experiments with time signals sent to and from Viking 1
Mars lander. Time dilation corrections are also very important in Global Positioning System (GPS) [17].
The clocks on GPS satellites tick faster than the clocks on Earths surface, so we have to put a correction
into the satellite measurements.
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On the other hand, motivated by the string theory [18–21], generalized uncertainty principle [22],
quantum gravity [23], Lorentz violation [24, 25], and etc., the idea of non-commutativity of space has
drawn quite a lot of interest in a wide range of areas from condensed matter physics to cosmology,
high energy physics, and astrophysics. In a number of scenarios in string theory based on the large
extra-dimensions there is a bound on the unification scale, thus, if non-commutative (NC) geometry as
a promising alternative is induced by string theory, the corresponding length scale should be saticfied
in this bound [26, 27]. These ideas offer exciting, near future, possibility of experimentally probing both
non-commutativity and quantum gravity effects.
The NC space is realized by the coordinate operators satisfying:
[xi, xj ] = iθij , (1.1)
where θij is an anti-symmetric tensor which for later convenience we name it NC parameter. The main
mathematically correct, but physically hard to implement, formalism for study the non-commutativity
is the star-product or Moyal product approach [19]. But there is an alternative approach based on the
coordinate coherent states [28, 29], in which the concept of point-like particle becomes physically mean-
ingless and must be replaced with its best approximation, i.e., a minimal width Gaussian distribution
of mass/energy and charge. In fact, the characteristic length scale of this system is given by the mat-
ter distribution width
√
θ. There has been also a growing interest in possible gravitational observable
consequences of non-commutativity of space coordinates, specially the behavior of black holes in NC
spaces. Solutions of Einstein equations with such smeared sources give new kind of regular black holes
in four [30,31] and higher dimensions [32,33].
It is worth mentioning that a lower bound for NC parameter θ has been obtained in some papers
through study of black holes thermodynamics in NC spaces as
√
θ ∼ 10−1 lP , see e.g., [30, 34, 35]. But
according to our knowledge, there is no upper bound on NC parameter obtained in gravitational systems.
Generally, in this paper we investigate an upper bound for NC parameter θ, which might make it acces-
sible to measure the minimal length in short range gravity. To determine this bound we use the three
aforementioned predictions of GR for the Schwarzschild (Sch) and Reissner-Norstro¨m (RN) backgrounds
in NC geometries based on the coordinate coherent state formalism. In the other words, we approximate
that the accuracy of our calculations for some typical micro black holes, which can be produced in the
early universe, be of order of the accuracy of gravitational measurements, then, we determine a numeri-
cal value for upper bound on θ. We have also schematically compared our NC calculations with the GR
predictions.
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2 Non-commutative geometry in coordinate coherent state for-
malism
In the original idea of Snyder in [28] there is a minimal length scale
√
θ at which the classical concept
of smooth spacetime manifold breaks down. From this perspective the θ parameter is a length squared
quantity defining the scale where spacetime coordinates become non-commuting (for more study in this
formalism see Refs. [36]- [40] and Refs. there in). In the coordinate coherent state formalism, instead of
a point-like structure for the matter, it has usually used a “matter droplet” description for the mass with
a Gaussian distribution [30]. The starting point is the distributions
ρM (r) =
M
(4piθ)
3
2
exp
(
− r
2
4θ
)
, (2.1)
ρQ(r) =
Q
(4piθ)
3
2
exp
(
− r
2
4θ
)
, (2.2)
where θ is the NC parameter in (1.1). For an observer at large distance this smeared density is looks like
a small sphere of matter with radius about
√
θ, so, Birkhoff theorem assures the metric to be Sch and in
the presence of charged distribution to be RN. But in the intermediate region the metric is neither Sch,
nor RN and can be analytically written in terms of lower incomplete gamma function or error functions
as shown bellow. The value of the total mass and charge are given by the integration of this bell-shaped
function over the whole space as
Mθ = 4pi
∫
r2ρM (r)dr = M erf
[
r
2
√
θ
]
− Mr√
piθ
e−
r2
4θ , (2.3)
Qθ = Q erf
[
r
2
√
θ
]
+
Qr e−
r2
4θ√
piθ
, (2.4)
where “erf” is the error function with the following properties
lim
x→∞ erf[x] = 1, limx→∞ erfc[x] = 0 . (2.5)
In this paper we study the solutions of Einstein equations described by stationary, spherically sym-
metric, asymptotically flat metrics which their line element is given by
ds2 = −B(r)dt2 + dr
2
B(r)
+ r2dΩ22 , (2.6)
where for Sch and RN metrics we respectively have
BSch(r) = 1− 2GM
r
, BRN (r) = 1− 2GM
r
+
Q2
r2
. (2.7)
If we insert the mass distribution (2.1) in the Einstein equations of motion, it can be seen that the
solution for a Sch black hole which its mass is modified by substituting the mass (2.3), is given by
BNCSch(r) = 1−
2GM
r
+
2GM
r
erfc
[
r
2
√
θ
]
+
2GMe−
r2
4θ√
piθ
, (2.8)
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and in the case of both (2.1) and (2.2), we achieve a modified RN metric
BNCRN (r) = 1−
2GM
r
+
2GM
r
erfc
[
r
2
√
θ
]
+
2GMe−
r2
4θ√
piθ
+
Q2 erfc
[
r
2
√
θ
]2
r2
− Q
2
r
√
2piθ
(
erfc
[
r√
2θ
]
− erfc
[
r
2
√
θ
])
− Q
2e−
r2
4θ√
2piθ
. (2.9)
It must be noticed that in the limit r√
θ
→∞ or
√
θ
r → 0, we obtain the metrics described by (2.7) [31].
As we know for a typical gravitational system, such as the sun, the value of the terms including 2GMr in
(2.8) are very small even for lowest value of r, which can be the Schwarzschild radius of the gravitational
system, so, in the next calculations we can ignore the higher orders without lose of generality. To
prove that the last term in (2.8) is very small, we have plotted this term in terms of different values
of parameter θ for the schwarzschild radius of the sun, r◦, as shown in Fig. (1). It is easy to check
that for larger distances, i.e., r > r◦, the value of the peak decreases. Also, we can check this behavior
for other gravitational systems but we should pay attention that by increasing the mass, the radius of
schwartschild increases, too.
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Figure 1: The last term of (2.8).
We have also applied similar consideration for the terms in the second line of relation (2.9). The plots
shown in the Figs. (2) are given for the first and the second term, respectively.
2.0´ 1017 4.0´ 1017 6.0´ 1017 8.0´ 1017 1.0´ 1018 1.2´ 1018
Θ
1.´ 10-9
2.´ 10-9
3.´ 10-9
4.´ 10-9
(a)
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(b)
Figure 2: The first and the second terms in line two of (2.9).
In contradiction to the case of Sch solution in GR which has a single horizon, in NC space we have
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different possibilities:
• For η = M√
θ
< 1.9 there is no horizon for (2.8) shown by red solid curve in Fig. (3)
• For η = M√
θ
= 1.9 there is a degenerate horizon in x = r√
θ
= 3 shown by blue curve in Fig. (3).
• For η = M√
θ
> 1.9 there are two distinct horizons shown by green curve in Fig. (3).
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Figure 3: The Schwarzschild metric in commutative (dashed) and non-commutative (solid) spaces for
different values of M√
θ
.
We have also plotted the tt component of charged solution metric (2.9) in Fig. (4). As seen in the
limit γ = Q√
θ
→ 0, we obtain the plots for Sch solution in NC space shown in Fig. (3).
Figure 4: The Reissner-Nordstrom metric in NC space vs. x = r√
θ
and γ = Q√
θ
for different values of M√
θ
.
2.1 Modified Newton’s law
In this subsection, we investigate modification of the Newton’s law in coordinate coherent state formalism
by using modified metric of Sch geometry. As done in [41], one can obtain first the gravitational field as
acceleration of a test particle around the massive object, such as a Sch black hole, and then multiplying
by the mass of particle we reproduce the Newton’s law of gravity [42]. In this paper we use another
approach in which we first calculate the energy of particle and then its derivative gives the Newton’s law.
The energy of a test particle of mass m moving with four-velocity uµ in a curved space with non-rotating,
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spherical symmetry is
E = mtµu
µ = mgµνt
νuµ = mg00t
0u0 = −mB(r) dt
ds
, (2.10)
where tµ is a time-like killing vector tµ = (1, 0, 0, 0). When the particle is at distance r, by substituting
dr = dΩ = 0 in the metric (2.6) we have ds2 = −B(r)dt2, thus the energy becomes
E = m
√
−B(r) . (2.11)
Now by differentiating with respect to the r, we obtain the gravitational force on the test particle as
F = m
B′(r)
2
√−B(r) . (2.12)
Substituting B(r) from the relations (2.8) and (2.9) in (2.12), the gravitational force for the Sch and
RN metrics are given by
FNCSch =
GmM
r2
(
1− r
3e−
r2
4θ
2
√
piθ3/2
− re
− r24θ√
piθ
− erfc
[
r
2
√
θ
])
, (2.13)
FNCRN = F
NC
Sch −
mQ2
r3
(
1− r
4e−
r2
4θ
4
√
2piθ2
+
r2e−
r2
2θ
2piθ
− r
2e−
r2
4θ
2
√
2piθ
− re
− r2θ√
piθ
erfc
[
r
2
√
θ
]
+
r
2
√
2piθ
erfc
[
r
2
√
θ
]
+ erfc
[
r
2
√
θ
]2
− r
2
√
2piθ
erfc
[
r√
2θ
])
, (2.14)
where in the limit
√
θ
r → 0 they lead to general Newton’s law F = GMmr2 . We have neglected the
relativistic term [−B(r)]−1/2, since this term produce higher order corrections in GM/r and Q2/r2. One
can use the relations (2.13) and (2.14) to study the gravitational atoms formed by black holes which are
condidates for Dark matter.
3 Gravitational red-shift
When the light moves upwards against gravitational field, it loses some of its energy, so it undergoes a
red-shift [1, 5]. Indeed, light from high frequency (short wavelength) leads to a light with low frequency
(long wavelength), and in fact, there is a shift in the spectral lines of light due to gravity by
z =
ω2 − ω1
ω1
, (3.1)
which is known as gravitational red-shift of light and is a direct consequence of Einstein General relativity
theory. Now suppose that light was emitted from radius r1 and received at r2, so, in the case of general
metric given in (2.6) the value by which the light be red-shifted is [5]
z =
ω2
ω1
− 1 =
√
B(r1)
B(r2)
− 1 , (3.2)
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where ω2 and ω1 are the frequency recieved by the observer and the frequency emitted by the source,
respectively. Substituting the fucntions in (2.7) in (3.2) we obtain the gravitational red-shift for the Sch
and RN black holes in GR, respectively,
z =
√(
1− 2GM
r1
)(
1− 2GM
r2
)−1
− 1 , z =
√(
1− 2GM
r1
+
Q2
r21
)(
1− 2GM
r2
+
Q2
r22
)−1
− 1 . (3.3)
3.1 Gravitational red-shift in non-commutative space
In this subsection we first study the behavior of gravitational red-shift factor for the Sch and RN back-
grounds and then, we find upper bounds for the NC parameter θ by comparing the results with the ac-
curacy of the measurements. The red-shift for Sch metric measured by an asymptotic observer, r2 →∞,
is given by substituting the component (2.8) in the relation (3.2)
z =
1− 2GM
r1
+
2GMerfc
[
r1
2
√
θ
]
r1
+
2GMe−
r21
4θ√
piθ

1
2
−1, (3.4)
and for the RN metric by inserting (2.9) in the relation (3.2) we have
z =
[
1− 2GM
r1
+
2GMerfc
[
r1
2
√
θ
]
r1
+
2GMe−
r21
4θ√
piθ
+
Q2 erfc
[
r1
2
√
θ
]2
r21
− Q
2
r1
√
2piθ
(
erfc
[
r1√
2θ
]
− erfc
[
r1
2
√
θ
])
− Q
2e−
r21
4θ√
2piθ
] 1
2 − 1 , (3.5)
where again in the limit
√
θ
r → 0, they lead to the GR red-shifts (3.3). We have plotted the red-shifts
for both the Sch (blue curve) and RN (red curve) metrics in non-commutative and GR backgroun (black
and green curves) in Fig. (5) in terms of the scaled radial coordinate x = r1√
θ
. As expected for far regions
from the gravitational system all of them get to zero and there is no shift in the light wavelength. It
can be also seen that in contrast to GR predictions, there is a finite maximum for the redshift value and
this extremum occurs at x = 3 (of course for the RN not exactly at x = 3), which is consistent with the
extremal limit, η = 1.9, illustrated in Fig. (3). On the other hand, this extermum value happens at the
degenerate horizon. Comparing the plot of the Sch and RN Fig. (5), we can infere that the extermum
value has decreased for the RN background metric relative to Sch’s one.
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Figure 5: The red-shift of non-commutative Sch (blue curve) and RN (red curve) metric vs. x = r1√
θ
for η = M√
θ
= 1.9 and γ = Q√
θ
= 0.5. The green and black curves are the Sch and RN metrics in GR,
respectively.
4 Gravitational deflection of light
One of the other interesting pridictions and early monumental verifications of GR is the deflection of light
caused by gravity which also known as gravitational lensing. When the light passes close to a massive
object, such as a supernova or a black hole, it is deflected from its straight path which is given by the
following relation [5]
∆φ = 2
∫ ∞
r◦
1
r
√
B(r)
(
r2
r2◦
B(r◦)
B(r)
− 1
)− 12
dr − pi , (4.1)
where r◦ is the closest distance to the massive object. Calculating the integration yields to the following
expressions for the Sch and RN metrics, in commutative space:
∆φSch =
4GM
r◦
, ∆φRN =
4GM
r◦
− 3piQ
2
4r2◦
. (4.2)
4.1 Deflection of light in non-commutative spaces
This part of the work is devoted to the study of deflection of light (light bending) in the NC spaces. By
substituting the metric (2.8) in the relation (4.1) we have
∆φ = 2
∫ ∞
r◦
[ 1
r
√
r2
r2◦
− 1
− GM(
r2
r2◦
− 1
)
3/2r2◦
+
GMr(
r2
r2◦
− 1
)
3/2r3◦
+
GM
r2
√
r2
r2◦
− 1
+
GMerfc
(
r
2
√
θ
)
(
r2
r2◦
− 1
)
3/2r2◦
−
GMrerfc
(
r◦
2
√
θ
)
(
r2
r2◦
− 1
)
3/2r3◦
−
GMerfc
(
r
2
√
θ
)
r2
√
r2
r2◦
− 1
+
GMre−
r2
4θ
√
pi
√
θ
(
r2
r2◦
− 1
)
3/2r2◦
− GMre
− r
2◦
4θ
√
pi
√
θ
(
r2
r2◦
− 1
)
3/2r2◦
− GMe
− r24θ
√
pi
√
θr
√
r2
r2◦
− 1
]
dr − pi , (4.3)
After the integration we obtain the deflection of light caused by the Sch metric as follows
∆φNCSch =
4GM
r◦
− 4GMe
− r
2◦
4θ
r◦
− GMr◦e
− r
2◦
4θ
θ
. (4.4)
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In the limit
√
θ
r → 0 this relation goes to the GR predition (4.2). In the case of RN metric described by
(2.9), the integral (4.1) leads to
∆φ=−pi + 2
∫ ∞
r◦
dr
[ 1
r
√
r2
r2◦
− 1
− GM(
r2
r2◦
− 1
)
3/2r2◦
+
GMr(
r2
r2◦
− 1
)
3/2r3◦
+
GM
r2
√
r2
r2◦
− 1
−
GMerfc
(
r
2
√
θ
)
(
r2
r2◦
− 1
)
3/2r2◦
+
GMrerfc
(
r◦
2
√
θ
)
(
r2
r2◦
− 1
)
3/2r3◦
−
GMerfc
(
r
2
√
θ
)
r2
√
r2
r2◦
− 1
+
GMre−
r2
4θ
√
pi
√
θ
(
r2
r2◦
− 1
)
3/2r2◦
− GMre
− r
2◦
4θ
√
pi
√
θ
(
r2
r2◦
− 1
)
3/2r2◦
− GMe
− r24θ
√
pi
√
θr
√
r2
r2◦
− 1
+
Q2erf
(
r
2
√
θ
)
2
√
2pir2◦
√
θ
(
r2
r2◦
− 1
)3/2 − Q2erf
(
r√
2
√
θ
)
2
√
2pir2◦
√
θ
(
r2
r2◦
− 1
)3/2 − Q2re− r
2
4θ
2
√
2pir2◦θ
(
r2
r2◦
− 1
)3/2
+
Q2re−
r2◦
4θ
2
√
2pir2◦θ
(
r2
r2◦
− 1
)3/2 + Q2rerf
(
r◦√
2
√
θ
)
2
√
2pir3◦
√
θ
(
r2
r2◦
− 1
)3/2 − Q2rerf
(
r◦
2
√
θ
)
2
√
2pir3◦
√
θ
(
r2
r2◦
− 1
)3/2 + Q2erfc
(
r
2
√
θ
)2
2r2◦r
(
r2
r2◦
− 1
)3/2
−
Q2erfc
(
r
2
√
θ
)
r2◦r
(
r2
r2◦
− 1
)3/2 + Q2erfc
(
r
2
√
θ
)
r3
√
r2
r2◦
− 1
−
Q2erfc
(
r
2
√
θ
)2
2r3
√
r2
r2◦
− 1
+
Q2rerfc
(
r◦
2
√
θ
)
r4◦
(
r2
r2◦
− 1
)3/2 − Q2rerfc
(
r◦
2
√
θ
)2
2r4◦
(
r2
r2◦
− 1
)3/2 ] . (4.5)
In this relation, the last six terms can not be integrated directly. But, by numerical integration we
can see that four terms of them are exactly opposit to each other and two terms have very small values,
so, we neglect them in our calculation. Also for the remaining terms that have direct integration, for
some typical values of Q, M , and θ, the result of integrations are very small values in comparsion with
the other ones, therefore, the final result is
∆φ =
4GM
r◦
− 3piQ
2
4r2◦
− 4GMe
− r
2◦
4θ
r◦
− GMr◦e
− r
2◦
4θ
θ
+
r◦Q2e−
r2◦
4θ
2
√
2piθ3/2
. (4.6)
Again, we can see that in the limit
√
θ
r → 0, this relation goes to (4.2) i.e., the RN background in
commutative space. Now, in order to show the differences between commutative and non-commutative
geometries we plot the deflection relations. For example, in Fig. (6) we have plotted the relations (4.2) and
(4.4) for the Sch and Sch metrics. The figure has been plotted for η = M√
θ
= 1.9 and the maximum of the
red curve is located around x = r◦√
θ
= 3, which was the location of the degenerate horizon as mentioned
in previous discussions. As it is observed, unlike commutative space, there is a finite deflection for light
in NC geometry at the horizon and lower distances.
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Figure 6: The Schwarzschild deflection for GR prediction (blue curve) and NC geometry (red curve).
We have also plotted the deflection of light which occurs in the vicinity of an RN metric with charge
γ = Q√
θ
= 0.5 in Fig. (7). The blue curve is for GR given by (4.2) and the red one shows the results
of RN metric in NC spaces as given by (4.6). Again it is seen that, there is a finite deflection for the
light around the local event horizon. It is worth to mention that the results of both Sch and RN metrics
coincide to the commutative case in the limit r√
θ
→ 0.
1 2 3 4 5 6
x
-5
5
10
15
20
25
D Φ
Figure 7: The RN deflection for GR prediction (blue curve) and NC geometry (red curve).
5 Gravitational time delay
Gravitational time dilation is an actual difference of elapsed time between two events as measured by
observers differently situated from a massive gravitational object. Since light has an effective mass, it
is affected by gravity, so, it follows a curved trajectory or a curved path when exposed to gravitational
force. However, this is not actually what happens because gravity curves spacetime and light bends
because it has to travel through that curved space-time. Since high gravity attracts things more towards
itself (lensing), light bends more in a region of high gravity. We also know that a straight path is always
shorter than a curved path in terms of distance traversed. So, a light ray that bends more has to travel a
longer distance to reach the destination and therefore takes more time than a light ray that bends lesser.
Einstein originally predicted this effect in his theory of relativity and it has since been confirmed by tests
of GR. This phenomena was discovered and observed for the first time in 1964 by Shapiro [44], which it
is also called Shapiro time delay. In GR, objects cause space-time curvature and the motion of objects is
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also affected by space-time geometry.
Suppose that the light travels from r = r1 to r = r2, then the time delay is given by
∆tmax = 2
(
t(r◦, r1) + t(r◦, r2)−
√
r◦ − r1 −
√
r◦ − r2
)
, (5.1)
where t(r◦, r) is
t(r◦, r) =
∫ r
r◦
1
B(r)
(
1− r
2
◦
r2
B(r)
B(r◦)
)− 12
dr , (5.2)
and r◦ is the distance of closest approach to the typical gravitational system (a massive object). By
substituting (2.7) in (5.2) and then the result in (5.1), the time delations for the light traveling from the
source to target in commutative geometry for Sch and RN black holes are
∆tSchmax = 4MG(1 + ln
4r1r2
r2◦
) , ∆tRNmax = 4MG(1 + ln
4r1r2
r2◦
)− 3Q
2pi
r◦
, (5.3)
where r◦ is the event horizon of the massive object and r1, r2 are distances of the source and target to
it, respectively.
5.1 Shapiro time delay in non-commutative space
In order to study the Shapiro time delay in NC geometries we will evaluate the integral (5.2) for the Sch
(2.8) and RN (2.9) metrics, separately. After integrating we arrive at the following expression for Sch
background
t(r◦, r) = 2GM ln
(√
r2 − r2◦ + r
r◦
)
+
√
r2 − r2◦ +GM
√
r◦ − r
r◦ + r
−
r2◦GMe
− r
2◦
4θ erf
(√
r2−r2◦
2
√
θ
)
2θ
−
r◦GMerf
(
r◦
2
√
θ
)
r
√
1− r2◦r2
+
GMerf
(
r
2
√
θ
)
√
1− r2◦r2
− 3GMe− r
2◦
4θ erf
(√
r2 − r2◦
2
√
θ
)
+
r2◦GMe
− r
2◦
4θ
√
pi
√
θr
√
1− r2◦r2
− r
2
◦GMe
− r24θ
√
pi
√
θr
√
1− r2◦r2
−
∫ r
r◦
2GMerfc
(
r
2
√
θ
)
r
√
1− r2◦r2
dr , (5.4)
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where the first three terms come from GR and the rest terms are corrections due to non-commutativity
of space-time, so the time delation from (5.1) is given by
∆tNC−Schmax = ∆t
Sch
max −
r2◦GMe
− r
2◦
4θ erf
(√
r21−r2◦
2
√
θ
)
θ
−
r2◦GMe
− r
2◦
4θ erf
(√
r22−r2◦
2
√
θ
)
θ
−
2r◦GMerf
(
r◦
2
√
θ
)
r1
√
1− r2◦
r21
−
2r◦GMerf
(
r◦
2
√
θ
)
r2
√
1− r2◦
r22
− 6GMe− r
2◦
4θ erf
(√
r21 − r2◦
2
√
θ
)
− 6GMe− r
2◦
4θ erf
(√
r22 − r2◦
2
√
θ
)
+
2GMerf
(
r1
2
√
θ
)
√
1− r2◦
r21
+
2GMerf
(
r2
2
√
θ
)
√
1− r2◦
r22
+
2r2◦GMe
− r
2◦
4θ
√
pi
√
θr1
√
1− r2◦
r21
− 2r
2
◦GMe
− r
2
1
4θ
√
pi
√
θr1
√
1− r2◦
r21
+
2r2◦GMe
− r
2◦
4θ
√
pi
√
θr2
√
1− r2◦
r22
− 2r
2
◦GMe
− r
2
2
4θ
√
pi
√
θr2
√
1− r2◦
r22
− 4
∫ r1
r◦
2GMerfc
(
r
2
√
θ
)
r
√
1− r2◦r2
dr − 4
∫ r2
r◦
2GMerfc
(
r
2
√
θ
)
r
√
1− r2◦r2
dr , (5.5)
where the first term given in (5.3) shows the GR contribution and is equal to 240 (µs) or 72000 (m) for
a solar system in which M , r◦, r1, and r2 are the mass and radius of the sun, distances of earth and
mercury from the sun, respectively. One can check that (5.5) goes to GR prediction in the limit r√
θ
→∞.
Also, for any value of θ, the contribution of the last two terms that are given by integrals, are negligible
in comparsion with the other terms. In addition, for any gravitational systems like sun or other black
holes, we have numerically checked that the contribution of some of terms are very small in comparsion
whith the others. Therefore the expression reduces to
∆tNC−Schmax = ∆t
Sch
max −
r2◦GMe− r2◦4θ
θ
+ 6GMe−
r2◦
4θ
 [erf( r1
2
√
θ
)
+ erf
(
r2
2
√
θ
)]
, (5.6)
where we have ignored from r◦ in comparsion with r1 and r2. As we know, r1 and r2 are distances from
the center of typical gravitational system, to two points outside of it. On the other hand, we expect that
the value of θ to be much smaller than r1 and r2. So, by this assumption we have checked that the error
functions in (5.6) go to unit value. Therefore the final expression is as follow
∆tNC−Schmax = ∆t
Sch
max − 2
r2◦GMe
− r
2◦
4θ
θ
− 12GMe− r
2◦
4θ . (5.7)
For the RN background, the calculation method is the same as the previous one. So, we refrain from
providing details and only provide the final expression
∆tNC−RNmax = ∆t
RN
max − 12GM e
r2◦
4θ − 2 r
2
◦GMe
− r
2◦
4θ
θ
− 2 r
2
◦Q
2e−
r2◦
4θ√
2piθ3/2
+
4Q2e−
r2◦
2θ√
2piθ
. (5.8)
In Fig. (8) We have plotted both GR and NC predictions of dimensionless parameter ξ = ∆tmaxr◦ instead
of time delay for both Sch and RN metrics. As seen in both figures, the predictions of GR and NC for
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large distances become consistent while in the vicinity of degenerate horizon at x = r√
θ
= 3 the difference
is obvious.
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(b) Riessner-Nordstro¨m metric
Figure 8: maximum time delay for GR (blue curves) and NC (red curves) for η = 1.9 and γ = Q√
θ
= 0.5.
6 Upper bound on θ
An interesting point is that by comparing the corrections due to non-commutativity of spaces on different
gravitational measurements, discussed in this paper, with their accuracies of measurements, one can
impose some bounds on the value of the NC parameter θ. It is worth mentioning that these bounds are
calculated for micro black holes which have diffrent masses up to moon’s mass. Micro black holes can be
created in the early universe and survive until now [43].
For gravitational red shift the most accurate measurement is from Gravity Probe A in 1976 [45]. This
accuracy was obtained for a satellite at an altitude of 107m. By expanding (3.2) we can separate GR
term from NC correction terms as follows
zNC = zGR
1 + ∣∣∣∣zGR + 1zGR
∣∣∣∣
GMerfc
[
r1
2
√
θ
]
(1− 2GMr1 ) r1
+
GMe−
r21
4θ
(1− 2GMr1 )
√
piθ
 . (6.1)
The NC correction term should be smaller than the accuracy of measurements which is 7.0 × 10−5,
so, we have ∣∣∣∣zGR + 1zGR
∣∣∣∣
GMerfc
[
r1
2
√
θ
]
(1− 2GMr1 ) r1
+
GMe−
r21
4θ
(1− 2GMr1 )
√
piθ
 ≤ 7.0× 10−5 , (6.2)
where zGR is given in Eq. (3.3). Due to complexity of the error function and the presence of an
exponentioal term, solving this inequality is a very difficult task or may be almost impossible, but instead,
we have plotted both sides and then find the value of θ in the intersecting point as depicted in Fig. (9).
In ploting the figure we have used the mass and radius of a typical micro black hole, MG ∼ 5× 10−4(m)
and r1 ∼ 1.5× 10−3(m). Therefore, according to the plot we obtain the upper bound as
α ≥ 6.6⇒ 1.5× 10
−3
√
θ
≥ 6.6⇒
√
θ ≤ 2× 10−4 (m). (6.3)
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Figure 9: Numerical comparsion for red-shift (6.2), the horizontal axis is r1√
θ
The accuracy 7× 10−5 is for sun’s red shift measurement, but we cam convience our selves using this
value, because the upper bound is not highly sensitive to the accuracy of measurements which can be
easily checked. For instance, if we use the accuracies range from 10−2 to 10−11, the value of the upper
bound obtained from (6.2) does not change appreciably. This is in fact the case for other upper bound
which will be obtained subsequently.
In the case of deflection of light a number of measurements have been made in succeeding years, but
there was no significant improvement until the advent of very-long-baseline interferometry (VLBI) [9,10].
VLBI based on the interferometer implication in which there are different radio telescopes situated at
distant locations and are utilized simultaneously. This technique creates a virtual radio telescope with a
far larger baseline. VLBI uses a geometric method to measure the arrival time of radio waves from an
astronomical source between different telescopes. For deflection of light, this project achieved an accuracy
of 3× 10−4; Thus, according to the NC definition in (4.4), we should have
|δ∆φ|
∆φGR
≤ 3× 10−4, (6.4)
where δ∆φ = ∆φNC −∆φGR. Now, using r◦ ∼ 1.5× 10−3(m) and GM ∼ 5× 10−4(m) for a micro black
hole, we have
r◦
4GM
(
4GMe−
r2◦
4θ
r◦
+
GMr◦e−
r2◦
4θ
θ
) ≤ 3× 10−4 ⇒
√
θ ≤ 2.3× 10−4 (m). (6.5)
For the time delay, the best measurement of time delay with high accuracy was obtained by the
Cassini spacecraft [46] for time traveling of radio waves from earth to the spacecraft. This accuracy has
the absolute value 2.3× 10−5, so from the GR time delay in (5.7) we should have∣∣∣∣δtNC−Schmax∆tSchmax
∣∣∣∣ ≤ 2.3× 10−5 ⇒ √θ ≤ 2.2× 10−4 (m) , (6.6)
where δtNC−Schmax = − 2 r
2
◦GMe
− r
2◦
4θ
θ −12GMe−
r2◦
4θ . It must be noticed that if we use another accuracies from
10−2 to 10−11 instead of the above accuracies, the value of the upper bound does not have a considerable
difference.
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7 Conclusion
In this paper we studied the three most important predictions of Einsteins general relativity in non-
commutative spaces. We have obtained the metrics of Sch and RN by using some Gaussian distributions
of the mass and charge, as physical parameters of these black holes in NC space, in coordinate coherent
state formalism. In contrast to general metrics which have an event horizon for each none-zero value of
mass, we showed that in non-commutative spaces, the existence of a horizon was tightly depend on the
ratios M√
θ
and Q√
θ
. Though we have only an event horizon in the Sch metric, but in this formalism it is
possible to have two different horizon for which B(r) vanishes.
We have also obtained exact expressions for the gravitational red-shift in both geometries as a function
of r and θ represented by (3.4) and (3.5). As an important result which has been depicted in Fig. (5),
in spite of GR in which the red-shift factor does not have a finite value, in NC case we arrived to a
maximum value that light might be shifted to the red wavelength. It could even be seen from the figure
that for the charged solution this value suppressed near the local degenerate horizon.
In addition we have calculated the value of deflection of light (gravitational lensing) in the framework
of NC spaces which is different from GR prediction, that is, there is a maximum value for deflection of
light near the horizon in NC solutions shown in Figs. (6) and (7). The third issue discussed in this paper
is the gravitational time delay in a NC space. As is obvious from the figures, for all of the predictions the
results of NC coincide with the one of commutative case for large values of x = r√
θ
while the differences
were appeared in locations around the degenerate horizon at x = 3.
Another interesting result is that we have found an upper bound for NC parameter θ using the
accuracy of gravitational measurements. The results are summarized in Tab. (1). Though we have used
the accuracies obtained from solar systems, but it must be noticed that if we use other accuracies, range
from 10−2 to 10−11, the value of the upper bounds does not change considerably.
experiment upper bound (m)
red-shift
√
θ ≤ 2.2× 10−4
deflection
√
θ ≤ 2.3× 10−4
time delay
√
θ ≤ 2.2× 10−4
Table 1: Upper bounds on θ for different tests of GR
These results were obtained for some typical micro black holes which their masses are near the mass
of the moon. Additional notable feature of these calculations is that the range of the NC parameter given
in Tab (1) is of the order of the scale that some experiments test the gravity at short distances [47, 48].
These calculations can be generalized to higher dimensional theories of gravity as future studies.
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